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1. INTRODUCTION 
The solutions of a number of physically important problems may be 
characterized by solutions of partial differential equations of mixed type. 
One of the best known examples is that of the isentropic, irrotational tran- 
sonic flow of a compressible fluid. In the hodograph plane the governing 
equation for the stream function is the so-called Chaplygin equation (see 
e.g. Bers [l], Bitiadze [2]) 
g + h(y) g = 0. 
Since it is extremely difficult to pose in the hodograph plane a mathematical 
problem which corresponds to a prescribed flow problem in the physical plane, 
the inverse method has been widely adopted; i.e., one formulates a reasonable 
problem for (1.1) in the hodograph plane and then checks to see whether in 
the physical flow plane the problem is meaningful. This has led to a rather 
careful study of a number of specific boundary value problems for (l.l), 
for instance the (i) Frank1 problem, (ii) Tricomi problem, etc. (see, e.g., Bers 
[l], Schiffer [3], Bidadze [2]). Some of these problems lead to meaningful 
physical problems, but many of them do not. Nevertheless they are of con- 
siderable interest in themselves and perhaps will prove of importance in 
some other connection in the future. 
It is in the spirit of this last remark that we consider other types of initial- 
boundary value problems for the Chaplygin equation (1.1). In Section 2 we 
treat an initial-boundary value problem for a rectangular domain 
D : (0 < x < 1, - y,, < y < Y} in which the equation may change type: 
Problem A Cauchy data is prescribed on y = - y,, and Dirichlet data is 
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prescribed on x = 0 and x = 1. It can easily be seen that unless some 
restriction is placed on the class of admissible solutions the problem is not 
well posed in the sense of Hadamard; i.e., the solution will not depend con- 
tinuously on the data. On the other hand, any restrictive condition which is 
imposed in order to effect stability should hopefully be physically realizable. 
The restriction which we impose is that u should belong to the class A of 
solutions of (1.1) whose L, integrals over D are bounded by some prescribed 
constant M. Under the assumption that there exists a constant (1 3 0 such 
that 
h’(Y) - 4Y) 3 cl --yo <Y G y, (1.2) 
it is shown that this restriction on u guarantees stability in L, and, in fact, 
leads to a method for obtaining error bounds. 
In Section 3 we exhibit a specific example in which condition (1.2) is 
violated and show that the restriction that I( belong to A is not sufficient to 
guarantee stability for Problem A. 
In the particular case of transonic flow where h(y) =y and (I = 0, in 
(1.1) and (1.2), th e results of Sections 2 and 3 may be interpreted as follows. 
If Cauchy data is prescribed on y = - y,, (i.e., on a line in the region cor- 
responding to supersonic flow) and u belongs to A, then u depends continu- 
ously in L, on the Cauchy data. On the other hand, if Cauchy data is 
prescribed on y = Y (i.e., on a line in the region corresponding to subsonic 
flow), then the restriction that 11 belong to ./ is not sufficient to guarantee 
continuous dependence on the Cauchy data. 
Finally, in Section 4 the stability in L, of an improperly posed initial- 
boundary value problem for the equation conjugate to the Chaplygin equation 
is discussed. 
It is of course well known (see, e.g., Pucci [4] and John [5]) that in treating 
improperly posed problems one must allow for error in measurement of the 
data. Methods for handling such error have been discussed by Payne [6], 
Trytten [7], Schaefer [8], etc. For further references to stability study for 
improperly posed problems see a forthcoming paper by Payne [9]. It should 
be remarked that up to now there appear to have been no stability investiga- 
tions for equations of mixed type. 
In this paper we consider only a single linear equation of mixed type in two 
independent variables. Some nonlinear equations of mixed type in n inde- 
pendent variables will be treated in a subsequent paper. 
2. In this section we consider the following initial-boundary value prob- 
lem: 
PROBLEM A. 
Lu = u,“,, + h(y) u,*= = 0 in D, P-1) 
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I( prescribed on x=0 and x == 1 , (2.2) 
au 
u9 & 
prescribed on Y=-YO (Yo 2 0). 
Here D is the rectangular domain 0 < x < 1 and - y. < y < I’ (Y > 0). 
(In (2.1) and what follows the comma followed by a subscript denotes dif- 
ferentiation). We assume that the function h is continuously differentiable in 
D and that there exists a constant 01 > 0 such that 
h’(Y) - d(Y) 2 0 (2.4) 
for ally satisfying - y. < y < Y. Let us note that condition (2.4) is satisfied, 
in particular, if h’(y) > 0 and OL = 0. 
We shall say that u belongs to 4 if the condition 
il u2 dx dy < M2 (2.5) D 
is satisfied for some prescribed constant M. We proceed to derive a priori 
inequalities which for solutions u of Problem A that belong to -k may be 
used to obtain uniqueness, continuous dependence on the data and L, bounds 
on compact subdomains of D. The basic inequalities are derived under the 
additional assumption that a. > 0 in (2.4) and in a form which yields imme- 
diately the desired L, bounds; by specialization, these inequalities imply also 
the properties of uniqueness and continuous dependence on the data when a 
is nonnegative. 
Let us approximate u by a function 9, which is piecewise Cs in D, Cl in D 
andsuchthatp, =uonx =Oandx= l.Weset 
v=u--p; (2.6) 
and let D, denote the rectangular domain 0 < x < 1 and - y. < 77 < y < Y. 
Let Sr denote the functional 
w4 Y) = logF(v, Y) -k cy2, -yo <Y < y, (2.7) 
where 
F(v,y) = jj,v2dxdT t(Y -y) I’ v2dx 
YO=-Yo 
+ k, j’ v2 dx + k, s l (v2, z + v2, .I dx 
y”= -Yo Y”= -Yo 
+ & jj,(Lc#&dy 3 jjDwv2 hrdr] f Q2. (2.8) 
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Here the constants c and ki in (2.7) and (2.8) are to be determined. We note 
that Q involves only data terms of u - q and, hence, for fixed Ki it will be 
small if the data of r,~ approximates the data of u sufficiently well. 
Our a prti inequalities are a consequence of the following convexity 
argument. If we can establish that 9 is a convex function of y then an 
application of Jensen’s inequality yields 
(2.9) 
Since q is at our disposal and u is to be in class yly we may assume without 
loss of generality that 
II 
vu2 dx dy < Mo2. (2.10) 
D 
Moreover, since Q involves only data terms we have 
Q” < vM,,~ 
for some computable constant v. Therefore 
(2.11) 
II’ 
v+vo 2(Y-v) -- 
w2 dx dv + Q” < e%+v)(Y-“) ((1 + v) Mz)%+Y Q %+Y , (2.12) 
4 
from which follows the desired L, bounds for u on compact subdomains of D. 
Let us now show that .F is a convex function of y. We note that 
F?P = FF” - (F’)2 + 2cF2, (2.13) 
where the prime denotes differentiation with respect to y. Hence, in order 
to establish the convexity of .F it is sufficient to show that the right-hand 
side of (2.13) is positive. We note that 
F’ = 2 j-j- WI,,, dx dq 
% 
F” = 2 jJDv w2,q dx 4 + 2 j/, w, d.x 4 + 2 j-’ fwv dx. (2.15) 
u-40 
Moreover, 
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and, hence, 
F” zz 4 va,? dx d7, + 2 (- v2,7 + hw2,J dx d7 
4 4 
-2 jI, vLS, dx 4 + 2 j: w,, d.rc. (2.17) 
Y  =-Yo 
A lower bound for the second term in (2.17) is required in the sequel. We 
note that (--y,, < t <y) 
0 = 2 jj P - d v,,,{vu,, + hz + 4,) dx dT Dt 
= 2 j jD, (t - 7) S,J% dx dq - (y + yo) j' (v2>, - ho',,) tfx 
Y=jYO 
+ j j,, (t - rl) h'v',z dx 4 
+ j j,, b2-' - IN?,,) dx d7. (2.18) 
Applying the arithmetic-geometric mean inequality to the first term in 
(2.18) and using (2.4) with a > 0, we obtain 
y >, I + a](f), (2.19) 
I = - (Y. + Y) [ 1’ 
Y-f, 
(w2,y + I h i ~2,z) do + a-l jjD (J%Y d.~ dr] , 
(2.20) 
/(t) = jj,, (t - rl) (- u2,v + Ad,,) h 4. 
Integrating (2.19) from - y0 to y, we find 
II (- vatv + hw2,,) dx d7 > - IP’“+“o’. DV 
(2.21) 
(2.22) 
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If we now substitute (2.22) into (2.17) we obtain for some computable con- 
stants ci 
FF” - (F’)” > 4G + 4Q2//, v~,~ dx d? 
Y 
v2 a!x d7 + c2 
D” s 
1 









+ c4 g,, dx + c, (2.23) 
ZJ=%y, 
Since G > 0 by Schwarz’s inequality it follows that 
Obviously the constants Ki in Q and c can be chosen so that the right hand 
side of (2.25) is positive. In fact for any positive k, we need only choose c 
sufficiently large so that the first term in (2.25) is the dominant one. Hence .F 
is a convex function of y and we have established the following result: 
THEOREM 1. Let u be a solution of Problem A which belongs to class A. 
Suppose that h satt$ies (2.4) f or some positive a. Let v, Q and M,, be defined as in 




v2 ak $ Q KMTQ%=-, -yo <y < Y. (2.26) 
4 
An examination of the proof of Theorem 1 yields the 
COROLLARY 1. Suppose that h satisfies (2.4) for some constant a 2 0. Then 
any solution of Problem A which belongs to &ss d will depend continuously in 
L, on the prescra3ed Cauchy data. 
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Let us remark that if we impose additional smoothness requirements on v 
then a result similar to Theorem 1 holds even if CL = 0. The condition (Y > 0 
arose in treating the term 
- ,-I I I (t - 7) (LFY dx 4. (2.27) Dt 
However, integrating the left-hand side of (2.27) by parts before applying 
the arithmetic-geometric mean inequality one obtains instead 




(t - q) z, f-(Ltp) dx d7 
1 




- 62 IS v” dx dq -- 6, Dt 
- b, jj-, I (4)’ dx 4. 
By adding the data terms 
to the expression for Q given in (2.8) and proceeding as above one obtains 
the desired result for non-negative a. 
For the sake of simplicity we have considered the case of a rectangular 
domain. The results obtained hold also for more general domains; in partic- 
ular, they hold for domains for which the outward normal (n, , n,) satisfies 
the less restrictive condition that rr,,(nV2 + hnz2) is non-negative on the 
“sides.” 
Finally, we remark that in some cases it is sufficient to prescribe an L, 
bound for u on only part of D. For example, in the case of transonic flow with 
h(0) = 0, if OL = 0 then one needs only to prescribe an L, bound for u when 
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0 < y < Y since the required bound for u when - y,, < y < 0 can be 
determined from the data of the problem. 
3. Let D be the rectangular domain defined in Section 2. In this section 
we show by means of an example that if, instead of Problem A, Cauchy data 
is prescribed on the line y = Y and (2.4) is satisfied then even the imposition 
of the condition of uniform boundedness in D on the solution may not be 
sufficient to guarantee continuous dependence on the Cauchy data. This 
example shows also that (2.4) is a “best possible” condition for Problem A. 
For the sake of simplicity we take y,, = 0 and Y I= I. Then D is the domain 
0 < x < 1 and 0 < y < 1. We consider the Tricomi equation in D, namely, 
u,,, + yu,zz = 0. (3-l) 
Let us note that, setting OL = 0, (2.4) is satisfied for 0 < y < 1. A particular 
solution of (3.1) is given by 
4x, y) = v(y) sin w (3.2) 
where v is a solution of the ordinary differential equation 
Setting f = n213y, Eq. (3.3) becomes 
v” - fP = 0, (3.4) 
where the prime denotes differentiation with respect to 6. A particular 
solution of (3.4) is given by (see, e.g., [lo]) 
h(f) = 1,” [cos (a + 9 ft)] exp (- $ & - f f3) dt. (3.5) 
If we set 7 = It then 
A(f) = $1: [cos (i + 9 T)] exp (- t 7 - $3) dr, (3.6) 
from which it follows that h(f) = 0(6-i) and h’(f) = O(fm2) as f + + CO. 
In fact, a more careful analysis [lo] shows that h(f) 4 0 as f- + co of 
order greater than any preassigned positive integer; that is, for any positive 
integer m 
145) I < + (f > 01, (3.7) 
where c is a positive constant. Let us define 
u(x, y) = A(n2’3y) sin nx. (3.8) 
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We note that u is uniformly bounded in D with respect to tl. By direct calcula- 
tion one sees that the function u satisfies (3.1) in D and the boundary con- 
ditions 
u(O,y) = u(l,y) = 0 Ofy<l, (3.9) 
u(x, 1) = A(~z~‘~) sin nx (3.10) 
and 
uJx, 1) = n2/3~‘(n2’3) sin nx, (3.11) 
as well as, 
U,&, 1) = nX(n2’3) cos ?rx. (3.12) 
Therefore, since 
,Q2/3) = o@-(W3)) and ~‘(~313) = qn-y 
as n --+ + 03, it follows for sufficiently large n that II, u,, and u,~ can be made 
arbitrarily small on y = 1. But 
u(x, 0) = A(0) sin nx 
= 3 3-‘la r(g) sin nx (3.13) 
and, hence, u is not arbitrarily small on y : 0. Therefore, if Cauchy data is 
prescribed on y = 1 and Dirichlet data is prescribed on x = 0 and x 7: 1, 
then the requirement that the solution of (3.1) be uniformly bounded in b 
is not sufficient to guarantee continuous dependence on the Cauchy data. 
If one replaces y by - y in the above discussion, then 11 is the domain 
0 < x < 1 and - 1 < y < 0, and (3.1) becomes 
UWY -Y%,z = 0. (3.14) 
We now consider Problem A for Eq. (3.14) withy,, = 1 and Y = 0. Let us 
note chat the requirement (2.4) is not satisfied. Therefore, since the above 
discussion shows that uniform boundedness in ij of the solution is not suf- 
ficient to imply continuous dependence on the Cauchy data, (2.4) may be 
considered as a “best possible” condition for Problem A. 
4. In this section we consider the equation conjugate to (2.1) namely, 
Hv = v,,, $ WY) %1,Y = 0. (4.1) 
Let R be the rectangular domain -yOa<y<Y andO<x<Xwhere 
y0 >, 0 and Y 3 0. We consider the following initial-boundary value problem: 
PROBLEM B, 
Ho=0 in R (4.2) 
w prescribed on Y=-Ya and y=Y (4.3) 
av 
vt ax prescribed on x = 0. (4.4) 
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The function h is an arbitrary sufficiently smooth function of y only; it need 
not satisfy condition (2.4). The function T.J is said to belong to Jy if h-lw,, 
(in the limiting sense) E Cr and if 
(4.5) 
is satisfied for some prescribed constant N. 
We remark that if u is a solution of Lu = 0 then u,~ is a solution of Hu = 0 
and, hence, Problem B could be used to treat a mixed problem for u where 
Cauchy data is given on x = 0 and Neumann data is given on y = - y,, 
and y = Y; in this case the condition that u belongs to H becomes 
I 
Y  
u2,y(x, Y) dr < N o<x<x. 
-WI 
For the sake of convenience we consider for Problem B only the questions 
of uniqueness and continuous dependence on data. The basic apdori inequal- 
ities are again obtained by means of a convexity argument. Let t$ denote for 
each z the line segment x = z and - y,, < y < Y. We define the functional 
.F as 
.F(w, x) = logF(v, X) $ x2 o<x<x, (4.7) 
where 




v2 dy + Q'. L 




If we assume that v = 0 on y = - y,, and y = Y, then 
I ~sz 4 = I h-w,, 4 L G 
and, hence, 
(4.11) 
F” = 4 I, 4,, dr + 2 I, (h-b2,, - u2m) dy. (4.12) 
D I 
PROBLEM FOR THE CHAPLYGIN EQUATION 77 
The last term in (4.12) can be expressed in terms of the Cauchy data by 
means of the identity 
= 
s 
t, (v2,* -. h-W,,) dy - 1, (o’,~ - h-W,,) dy. (4.13) 
It follows that 
F2S” 2 2F’ - 2F$P 3 0. (4.14) 
An application of Jensen’s inequality to 9 yields 
THEOREM 2. Let v  be a solution of Problem B which belongs to Jy‘. Let ,V 
and Q be defined as in (4.5) and (4.8), respectively. Then there exists a com- 
putable constant K such that 
I 
~2 dy < KNWQ2(l-W), o<x<x. (4.15) 
cz 
In this section a rectangular domain was considered merely for simplicity 
of presentation. The results obtained hold also for more general domains. 
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